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Laves Phases, g-Brass, and 2�2�2 Superstructures: A New Class of
Quasicrystal Approximants and the Suggestion of a New Quasicrystal
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Introduction

To most physical scientists, the world of intermetallic phases
is dominated by simple variants of a few familiar structures:
face-centered cubic (fcc), hexagonal closest-packed (hcp),
and body-centered cubic (bcc). Indeed, these structures can
take our understanding a long way, as they account for most
metallic elemental structures, as well as many atomically or-
dered intermetallic compounds and atomically disordered
alloys. However, there are also extensive classes of much
more complex intermetallic compounds. A deeper under-
standing of these more complicated phases is necessary if
physical scientists are to become fully conversant with met-
allic structures, and, as metals make up more than two
thirds of the periodic table, if we are to appreciate the intri-
cacies of some half of all thermodynamically stable binary
compounds.

In this paper, we concentrate on one important branch of
these more complicated structures: cubic crystal compounds
of purely metallic elements. Pearson#s Handbook of Crystal-
lographic Data for Intermetallic Phases[1] shows us that (lim-
iting ourselves to structure types whose compounds often
consist entirely of elements in the first twelve columns of
the periodic table) the most common complex cubic struc-
ture types are quite varied. The MgCu2

[2] structure type is
found in 807 compounds. In descending order of frequency
are then the Cr3Si

[3] (260 compounds), Th6Mn23
[4] (204 com-

pounds), NaZn13
[5] (91 compounds), Be5Au

[6] (75 com-
pounds), a-Mn[7] (73 compounds), Ti2Ni

[8] (62 compounds),
b-Mn[9] (41 compounds), Cu5Zn8

[10] (39 compounds),
Sm11Cd45

[11] (19 compounds), and YCd6
[12] (19 compounds)

structures.
This paper focuses on six of the above eleven structure

types: the MgCu2 (the cubic Laves phase), Be5Au, a-Mn
(the c-phase), Ti2Ni, Cu5Zn8 (g-brass), and Sm11Cd45 struc-
tures.1 We consider these six because either the structures
themselves or more complex variants of them exhibit a
common pseudo fivefold symmetry. The common pseudo fi-
vefold axes lie along the h110i directions of the cubic unit
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1 Several of the remaining structure types (e.g. Cr3Si and YCd6) are
known to be quasicrystal approximants of 3D point group quasicrys-
tals.[13,14]
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cell, as opposed to the h1t0i directions of other known cubic
quasicrystal approximants (t=

1þ
ffiffi
5
p

2 ).
[15] Interestingly, al-

though there are 3D point groups with fivefold axes along
the h1t0i directions (e.g. the Ih point group), there are no
3D point groups with fivefold axes along the h110i direc-
tions.
Earlier work by Sadoc and Mosseri[16,17] has shown that

the MgCu2, g-brass, and a-Mn structures can be understood
in terms of a 4D Platonic solid, the 600-cell. This finding
helps rationalize the observed pseudo fivefold symmetry in
these structures. The 600-cell, along with its dual, the 120-
cell, are the 4D Platonic solids with the greatest number of
symmetry elements (14400 in total).[18] Among these sym-
metries are numerous fivefold rotations. One type of projec-
tion, the 4D to 3D cell-projection (we explain cell-projec-
tion later in this paper), places six of these fivefold opera-
tions closest to the center of the projection. By virtue of
being closest to the center, these six fivefold operations best
preserve their fivefold pseudo-symmetry when projected
into 3D.2 The six projected pseudo fivefold axes lie exactly
along the h110i directions of a cube. Thus, the symmetry of
the 600-cell can be used to account for the pseudo fivefold
symmetry in the above structure types.[19]

One limitation of the above approach is that the 600-cell,
for all its complexity, is still a finite polyhedroid,3 whereas
the structures of interest in this paper are extended crystals
and are hence infinite in size. One way around this difficulty
has been the introduction of disclination lines.[22,23] In this
paper, we adopt an alternate approach. Rather than consid-
er the 600-cell itself, we consider a 4D structure which has
the same 4D point group as the 600-cell but which, like the
crystal structures of interest, is infinite in size. This 4D
object is the 4D quasicrystal first proposed by Elser and
Sloane[24] and later studied by Moody, Patera, Sadoc, and
Mosseri.[25,26]

The Elser–Sloane 4D quasicrystal, since its introduction
in 1987, has lost favor to the now well-known 6D crystal to
3D quasicrystal model.[27–30] In the more widely used 6D to
3D model, as well as in all other quasicrystals and quasicrys-
tal approximants of which we know, quasicrystals are ration-
alized by combining a 3D point group with higher dimen-
sional translations. In this paper, by contrast, we find that
rational approximants of the Elser–Sloane 4D quasicrystal,
with its fundamentally higher dimensional point group, cou-
pled with a 4D to 3D cell-projection (see below) can ac-
count for all the atomic positions of Be5Au and all the heavy
atom sites of Li21Si5,

[31] Sm11Cd45,
[11] and Mg44Ir7.

[32,33] For the
latter three structures, quasicrystal approximants of the
Elser–Sloane quasicrystal account for respectively 10/12, 9/
13, and 9/11 of the lighter atom sites.

These results are of particular interest as Be5Au and
Li21Si5 are themselves exact superstructures of two of the
title compounds of this article: MgCu2 (the cubic Laves
phase) and Cu5Zn8 (g-brass), respectively. Furthermore,
Sm11Cd45 is a superstructure built up from the a-Mn struc-
ture coupled with bcc. It has been recently shown that
Mg44Ir7 is nicely rationalized as being composed of twinned
Ti2Ni-type domains.

[34] Both Sm11Cd45 and Mg44Ir7 belong to
a family of superstructures (here termed 2P2P2 superstruc-
tures for their usual description as arrays of “clusters” in
large unit cells) first studied by Westman, Westin, and
Samson. [11,31–33,35–47]

Although superstructures (Be5Au, Li21Si5, Sm11Cd45, and
Mg44Ir7) have the most enhanced pseudo fivefold symmetry
along the h110i directions, and which therefore connect best
to the Elser–Sloane model, it seems fair to assume that their
substructures (MgCu2, Cu5Zn8, Ti2Ni, and a-Mn) are also
implicated in the Elser–Sloane model. With this Ansatz, the
results of this paper suggest that four of the most common
complex cubic metallic structures (MgCu2, Be5Au, Cu5Zn8,
and Sm11Cd45) are all related to rational cell-projections of
the 4D quasicrystal model. The results further tentatively
suggest that an additional two common structure types
(Ti2Ni and a-Mn) are also so connected. We begin with the
Laves phase MgCu2 and its superstructure Be5Au.

Results and Discussion

The cubic Laves structure—MgCu2 and Be5Au : The three
most common binary intermetallic stoichiometries are 1:1,
1:2, and 1:3. Although the 1:1 and 1:3 stoichiometries are
dominated by ordered variants of fcc, hcp, and bcc, the 1:2
stoichiometry#s most common structures are Laves phases.[1]

In this paper, we consider the cubic Laves structure MgCu2.
In MgCu2, the Mg atoms lie in a diamond network (Fig-
ure 1a), whereas the Cu atoms form a network of vertex-
sharing tetrahedra (Figure 1b). The full MgCu2 structure is
illustrated in Figure 1c.
The most common MgCu2 superstructure is the Be5Au

type. In this superstructure, the network of vertex-sharing
tetrahedra remains all one atom type (Be), but the original
diamond network is replaced by an alternating network of
the two atom types (Au and Be). The alternating network
(Figure 1d) may be recognized as a sphalerite-like ordering
of a diamond network. The vertex-sharing tetrahedra and
the full Be5Au structure are illustrated in Figure 1e,f.
Although the MgCu2 and Be5Au structures differ only in

the type of atom lying at individual sites, and may be
thought of as having very similar structures, their diffraction
patterns are noticeably different. Be5Au has marked pseudo
tenfold diffraction symmetry (pseudo fivefold structural
symmetry coupled with Friedel#s Law[48]) along the h110i di-
rections; MgCu2 does not. In Figure 2, we illustrate the cal-
culated diffraction patterns[49] of both of these structures
along [110]. The MgCu2 diffraction pattern (Figure 2a) is a
standard pattern with an immediately discernible rhomboid

2 In 4D, fivefold rotations occur around invariant planes. If projected
into 3D, they become pseudo fivefold rotations, and occur around in-
variant axes.

3 A polyhedroid[20,21] is the 4D analog of a 3D polyhedron. Just as a poly-
gon is composed of vertices and edges and a polyhedron consists of ver-
tices, edges, and faces, a 4D polyhedroid has vertices, edges, faces, and
polyhedra. These polyhedra are referred to as cells. The name 600-cell
means that this polyhedroid contains 600 polyhedra.
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reciprocal lattice. By contrast, the dominant diffraction
peaks of the Be5Au structure (Figure 2b) lie in two concen-
tric rings, each composed of ten peaks. Given the constraint
of the large reciprocal lattice (owing to the relatively small
direct lattice vectors), it is noteworthy how well these two
tenfold rings parse themselves to give an overall pseudo ten-
fold diffraction symmetry.
To understand the Be5Au structure, we must rationalize

its pseudo tenfold diffraction symmetry. In our hands, such a
rationalization is based on a higher dimensional lattice, the
E8 lattice, which lies at the foundation of the Elser–Sloane
quasicrystal model. Remarkably, this higher dimensional

crystal lattice is 8D; our interest
will be in 3D projections of it.

The E8 lattice and its 3D cell-
centered projection : When it
comes to using the 4D 600-cell
to generate 3D projected crys-
tal structures, there is a major
complication: the 600-cell 4D
point group is not found in any
4D space groups. In this, it is
entirely akin to the 3D Ih point
group, which is not found in
any 3D space groups. Just as in
the Ih case, where one needs to
extend to a higher dimension
(6D is generally chosen[27–30]) to
find a space group which con-
tains Ih symmetry, we will
extend into 8D in the case of
the 600-cell point group.[24–26,50]

In the former case, projection
from a 6D crystalline lattice re-
sults in 3D Ih quasicrystals. In
the latter case, Elser and

Sloane have found that projection from an 8D crystalline
lattice results in a 4D quasicrystal with 600-cell point group
symmetry.[24]

The 8D lattice in question is the closest-packed E8 lattice,
with points of the types (n1, n2, n3, n4, n5, n6, n7, n8) and (n1+
1=2, n2+

1=2, n3+
1=2, n4+

1=2, n4+
1=2, n6+

1=2, n7+
1=2, n8+

1=2). In
both cases, the ni are all integers and their sum is even (i.e.P 8

i¼1 ni=2N).
[51] As the crystal structures discussed in this

paper are of Td point group symmetry, our interest will be in
3D projections of the E8 lattice which preserve an overall
3D Td symmetry. We adapt a procedure from our previous
paper.
In this earlier work, we required a projection of the 4D

600-cell which placed a single tetrahedral cell at the center
of the projection. In so doing, it preserved an overall Td

symmetry in the 3D projected atomic cluster. This specifica-
tion—that the four 4D sites of a given 4D tetrahedral cell
project to the four sites of a 3D tetrahedron—exactly deter-
mines all twelve matrix elements of the 3P4 projection
matrix; it exactly determines what we term a cell projection.
Applying this same 3P4 matrix to the remaining sites of the
600-cell generates the full 3D cell-projected 600-cell.[19]

Important to the current paper is that, just outside the
central tetrahedron of the 3D cell-projected 600-cell, there
is a second tetrahedron roughly 1.6 times larger in size. This
larger tetrahedron is termed the outer tetrahedron (OT),
and the smaller one the inner tetrahedron (IT). The eight
vertices that comprise IT and OT are collectively known as a
stella quadrangula (Figure 3a).[52,53] One feature of the stella
quadrangula that will be key to our later discussion is that
each OT site, together with the triangular IT face nearest to
it, forms a capping tetrahedron (Figure 3b). These capping

Figure 1. The cubic Laves structure MgCu2 and its superstructure Be5Au. a) A diamond network of Mg (red)
atoms and b) a vertex-sharing tetrahedral network of Cu (blue) atoms combine to make c) the MgCu2 struc-
ture. d) A diamond network of alternating Be (purple) and Au (orange) atoms and e) a vertex-sharing tetrahe-
dral network of Be atoms that combine to make f) Be5Au.

Figure 2. The strongest peaks in the [110] X-ray diffraction patterns[49] of
the a) MgCu2 and b) Be5Au structures. The site preferences in the Be5Au
structure give it a pseudo tenfold diffraction symmetry that is absent in
MgCu2. The latter pattern was calculated using the isostructural com-
pound UCu5, a compound for which the pseudo-symmetry is particularly
vivid.
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tetrahedra are perfectly regular in shape if OT is exactly t

times larger than IT.
The stella quadrangula is vital to the desired 8D to 3D

projection, for which a 3P8 matrix rather than the previous
3P4 matrix is required. For 8D, we need to specify how
eight, not four, sites project into 3D. The natural choice for
these eight sites are those comprising the stella quadrangu-
la—the four IT sites and the four OT sites. In order to
choose which 8D points project onto this 3D stella quadran-
gula, we consider a stella quadrangula from the Elser–
Sloane quasicrystal and determine the eight 8D points
which project onto it. We find the points (1,0,0,0,1,0,0,0),
(1,0,0,0,0,1,0,0), (1,0,0,0,0,0,1,0), and (1,0,0,0,0,0,0,1) project
onto the IT of the stella quadrangula, whereas the points
(1=2,

1=2,
1=2,

1=2,
1=2,

1=2,
1=2,

1=2), (
1=2, �1=2, �1=2, 1=2, 1=2, 1=2, 1=2, 1=2),

(1=2, �1=2, 1=2, �1=2, 1=2, 1=2, 1=2, 1=2), and (1=2, 1=2, �1=2, �1=2, 1=2, 1=2,
1=2,

1=2) project onto the OT.
We therefore require the following transormations (1–8):

ð1, 0, 0, 0, 1, 0, 0, 0Þ ! ð1, 1, 1Þ ð1Þ

ð1, 0, 0, 0, 0, 1, 0, 0Þ ! ð1, �1, �1Þ ð2Þ

ð1, 0, 0, 0, 0, 0, 1, 0Þ ! ð�1, 1, �1Þ ð3Þ

ð1, 0, 0, 0, 0, 0, 0, 1Þ ! ð�1, �1, 1Þ ð4Þ

ð1=2, 1=2, 1=2, 1=2, 1=2, 1=2, 1=2, 1=2Þ ! ð�t, �t, �tÞ ð5Þ

ð1=2, �1=2, �1=2, 1=2, 1=2, 1=2, 1=2, 1=2Þ ! ðt, �t, tÞ ð6Þ

ð1=2, �1=2, 1=2, �1=2, 1=2, 1=2, 1=2, 1=2Þ ! ð�t, t, tÞ ð7Þ

ð1=2, 1=2, �1=2, �1=2, 1=2, 1=2, 1=2, 1=2Þ ! ðt, t, �tÞ ð8Þ

Taking the above 8D and 3D points to be column vectors,
the 3P8 matrix that performs these transformations is:

The 1=1 quasicrystal approximant

Projection matrix : Given a value of t, the above 3P8
matrix exactly defines the 8D to 3D projection. As we have
noted above, if t=t, the resultant 3D stella quadrangula will
have perfectly regular capping tetrahedra. But, as we will
find below, for this value and indeed for any irrational value
of t, the resultant 3D structure will be a quasicrystal. Rather
than show this directly, we consider first several rational
values of t.
We consider a sequence of rational numbers which con-

verges to t. The sequence chosen is composed of the ratios
of consecutive members of the Fibonacci sequence (1, 1, 2,
3, 5, 8, . .). As can be seen by inspection, this sequence (1=1,
2=1,

3=2,
5=3,

8=5, . .) converges rapidly to the desired value. We
consider first t= 1=1=1. For this value, the 3P8 projection
matrix reduces to:

We consider now the three column vectors:

These three vectors are the transposed rows of the projec-
tion matrix. As can be directly verified, these three column
vectors project onto respectively:

three orthogonal 3D vectors. As their names suggest, these
three orthogonal vectors can be seen as three ordinary 3D
unit cell axes.4

Figure 3. The 8-vertex formation known as a stella quadrangula. The ver-
tices are shown as a) a single polyhedron, and b) an inner tetrahedron
(IT, red) and an outer tetrahedron (OT, blue). Highlighted in gray in the
latter view is a tetrahedron composed of three IT atoms and one OT
atom, which caps the inner tetrahedron.

4 In this paper, we adopt the nomenclature that bold-font a is an 8D
vector, a

!
is a 3D vector, and a is a scalar, the length of a

!
.
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To cement this view, consider a given E8 lattice point.
Add to this 8D vector a linear combination of integer multi-
ples of the 8D a, b, and c vectors. This addition will generate
a new 8D vector corresponding to a new E8 lattice point.
Under the 8D to 3D projection, this new E8 lattice point
will project onto a 3D position related to the original pro-

jected 3D position by the same combination of a
!
, b
!
, and

c
!
as the initially chosen combination of a, b, and c. There-

fore, a
!
, b
!
, and c

!
can be taken to be standard 3D unit

cell vectors.

Projected distances : The 3P8 matrix with t= 1=1=1
projects E8 onto a 3D crystalline structure. However, this
3D structure by itself is not of great interest; it is merely
bcc. More useful projections will be ones in which only a
portion of the E8 lattice is projected into 3D. To construct
these, we require two additional concepts.
First is the concept of projected distance,[54] the distance

between the original and projected coordinates. To explain
what we mean by this, let us first illustrate projected dis-
tance in a simpler projection. In Figure 4a, we project a 2D
square lattice onto a 1D line. This amounts to collapsing
each lattice point perpendicularly onto the line (from the
black circles to the cyan circles in the figure). The lengths of
the red line segments are the projected distances of the
points.

The concept of projected distance is the same for our 8D
to 3D projection; it is the distance from an 8D point to the
3D “slice” onto which it is projected. This can be defined
formally as the perpendicular distance from an 8D point to
the 3D span of the rows of the projection matrix. We will
assume, as is standard, that sites which project over a short-
er distance count more heavily in the final structure than
those which project over a longer distance. At the bottom of
Figure 4, we represent points with shorter projected distan-
ces using larger circles. Points which lie beyond a specified

projected distance, denoted by the gray lines, are not pro-
jected at all.
This standard concept enriches the possibilities of 3D pro-

jected structures, in a way which we again illustrate using
the simple 2D to 1D projection. In Figure 4b, the entire 2D
square lattice is translated downward with respect to the 1D
line of projection. This translation changes the projected dis-
tances of each point, moving some points closer to the line
and others farther from it. The points that lie exactly on the
line count more heavily in the projection than do the points
farther from the line (and are consequently shown as larger
circles at the bottom of Figure 4b). Thus, the translation of
the lattice fundamentally alters the 1D projected structure
by changing which points count most heavily in the projec-
tion.
This type of translation can be extended to the E8 lattice

in our projections. The E8 lattice can be translated by an 8D
vector x, which will determine which lattice points have the
shortest projected distances, and thus count most heavily.
All of the structure types on which we focus in this paper—
MgCu2, Be5Au, Cu5Zn8, Li21Si5, Ti2Ni, a-Mn, Sm11Cd45, and
Mg44Ir7—have centers of Td point group symmetry. Our in-
terest is therefore in vectors x that leave the Td symmetry of
the stella quadrangula unchanged. We must explore all x
that maintain the equal projected distances of the four IT
sites as well as the four OT sites. Some thought shows that
vectors of the type (x1, 0, 0, 0, x2, x2, x2, x2) preserve the
above equalities. There are therefore two free independent
variables within the framework of t= 1=1=1 projection: x1
and x2.

Generating the Be5Au structure : We now apply the t= 1=1=1
model to the Be5Au structure. Be5Au is a fully ordered
structure, with 4 Au atoms and 20 Be atoms in its cubic unit
cell. This brings us to the second concept required to fully
specify a projection. If we wish to replicate the Be5Au struc-
ture through projection, we must make a rule deciding
which E8 lattice points project as Au atoms and which as Be
atoms. Our rule is as follows: for a given projection (corre-
sponding to a pair of values x1 and x2), we take the 4 lattice
points with the shortest projected distances to be Au atoms
(the heavier element), and the next 20 points to be Be
atoms (the lighter element). All sites with projected distan-
ces longer than these 24 will remain unoccupied. In this way,
we ensure that our projections have the desired population
and stoichiometry.
Given this rule, we can now generate a 3D crystal struc-

ture corresponding to any pair of values x1 and x2. Naturally,
some of these structures will be more similar to the experi-
mental Be5Au structure than others. In Figure 5, we quanti-
tatively assess how well each projection matches the Be5Au
structure. For given pairs of x1 and x2 parameters, we plot
the total number of projected atoms that exactly correspond
(including atom type) to the 24 experimental atoms. That is,
we plot the number of projected Au atoms that exactly cor-
respond to the 4 experimental Au atoms plus the number of

Figure 4. An illustration of projected distance and the effect of lattice
translation, using the simpler projection of a 2D square lattice onto to
1D line. a) The points of a 2D square lattice project onto a 1D line
(cyan) if they lie within a specified distance of that line (i.e. within the
thinner gray lines). The lengths of the red line segments connecting the
lattice points (black) to their projections (cyan) are what we define as
projected distances. b) If the 2D lattice is translated downward and the
same rule is applied, the result is a qualitatively different projection that
includes points with varying projected distances.
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projected Be atoms that exactly correspond to the 20 experi-
mental Be atoms.
The red regions in Figure 5 represent projections in which

all 4 Au atoms and all 20 Be atoms exactly correspond to
those in the experimental Be5Au structure. As we can see,
there are substantial regions in which the match between
projected and experimental crystal structure is perfect.
These results suggest that the Be5Au structure can be profit-
ably taken to be a rational projection of the E8 lattice. And
as Be5Au is an exact superstructure of the cubic Laves
phase MgCu2 structure, the parent structure itself can also
be so understood.
Before leaving our analysis of Figure 5, it is worth exam-

ining some of the values of x1 and x2 which lead to structures
other than the Be5Au structure. As the blue regions of the
Figure suggest, a very different structure emerges near the
values of x1=0 and x2=

1=2. This projected structure proves
to be the CaF2 structure type. As Figure 5 illustrates, it con-
sists of an fcc lattice of the heavier element (the Ca site)
which has all its tetrahedral holes filled by the lighter ele-
ment (the F sites). An examination of known intermetallic
CaF2 compounds confirms that the Ca and F sites are gener-
ally occupied by respectively the heavier and the lighter
metallic elements.[1]

g-brass and the Li21Si5 structure : The cubic unit cell of
Cu5Zn8 (g-brass), with 52 atoms, is roughly twice the size of
those of the MgCu2 and Be5Au structures. It is composed of
a body-centered arrangement of two identical 26-atom clus-
ters, which are based on the stella quadrangula. As we show

in Figure 6, the stella quadrangula has two types of edges;
those that link IT atoms to each other, and those that link
IT to OT atoms. Capping each of the IT–IT edges with an
atom generates an octahedron, referred to as OH (Fig-
ure 6a). Similarly, capping the twelve IT–OT edges generates
a distorted cubo-octahedron, referred to as CO (Figure 6b).
The resulting edge-capped stella quadrangula (Figure 6c,
left) has 26 vertices (IT+OT+OH+CO=4+4+6+12=

26), and is completely equivalent to the g-brass cluster. On
the right side of Figure 6c, we show a second view of the g-
brass cluster, which is more suggestive of the experimental
site preferences in Cu5Zn8. The OT and OH sites, which are
occupied by Cu atoms in Cu5Zn8, are connected as a black
adamantane-like cage. The IT and CO sites, which are occu-
pied by Zn, are connected as a light gray network of vertex-
sharing tetrahedra. There are two of these 26-atom clusters

Figure 5. Correspondence between 1=1 projected structures and the exper-
imental Be5Au structure as a function of x1 and x2, for a region containing
all unique projected structures. The plot shows the number of atoms in
the projected unit cell whose positions and elements exactly match those
of experimental Be5Au. There are substantial regions (shown in red) in
which the match is perfect. In other regions, the projection perfectly
matches the experimental CaF2 structure.

Figure 6. The construction of an edge-capped stella quadrangula, alterna-
tively known as a g-brass cluster. a) One type of edge of the stella quad-
rangula is capped with atoms (orange) that form an octahedron (OH),
whereas b) the other type of edge is capped with atoms (purple) that
form a distorted cubo-octahedron (CO). c) The full 26-atom edge-capped
stella quadrangula can be seen as four nested polyhedra (left), or alterna-
tively as an adamantane-like cage (right, black) and a network of vertex-
sharing tetrahedra (right, light gray). d) The cubic unit cell of Cu5Zn8
contains two such identical clusters in a body-centered arrangement.
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in the 52-atom cubic unit cell of Cu5Zn8, as shown in Fig-
ure 6d.
Our concern here will be with the g-brass superstructure

Li21Si5.
[31] This superstructure is significantly larger than the

parent structure and has 16 g-brass clusters in its cubic unit
cell. The unit cell has an a-axis length of 18.710 R, contains
416 atoms, and has a face-centered cubic Bravais lattice.
The 16 g-brass clusters in this structure reduce to four crys-
tallographically inequivalent clusters. It is convenient to con-
sider the four clusters along the body diagonal of the cubic
unit cell as representative examples of each crystallographi-
cally inequivalent cluster.
These four clusters are illustrated in Figure 7. For the

sake of clarity, each is connected as an adamantane-like
cage and a network of vertex-sharing tetrahedra (as illustrat-

ed on the right side of Figure 6c). Each cluster is given a
specific name. The cluster centered at (0,0,0) is labeled Z
for zero. Similarly, clusters centered at (1=4,

1=4,
1=4), (

1=2,
1=2,

1=2), and (
3=4,

3=4,
3=4) are respectively called Q, H, and T (for

quarter, half, and three-quarters).
Li21Si5 is a fully atomically ordered variant of the g-brass

structure. The OT sites of both the Z and Q clusters are oc-
cupied by Si atoms, as are the OH sites of the H and T clus-
ters. We refer to the four Si sites as respectively ZOT, QOT,
HOH, and TOH. The atomic ordering is illustrated in

Figure 7. It is of interest that different sites are occupied by
Si atoms: some are OTwhereas others are OH.
Figure 7a shows a standard illustration of Li21Si5 with all

four crystallographically inequivalent clusters oriented the
same way. This standard view obfuscates one remarkable
feature of the structure. Although three of the four clusters
in the Li21Si5 structure are typical g-brass clusters, the inner
tetrahedron of the H cluster is larger than the outer tetrahe-
dron of the same cluster.[31]

If we assume that inner tetrahedra should perforce be
smaller than outer tetrahedra, we need to switch the atomic
labels of these two sites. As shown in Figure 7b, it is possible
to switch these labels and retain the overall edge-capped
stella quadrangular geometry if we invert the entire H clus-
ter. Thus, although one can describe Li21Si5 as a 2P2P2 su-
perstructure of g-brass with all four g-brass clusters oriented
the same way, it is perhaps more atomically accurate to view
this structure as a superstructure where three of the clusters
have one orientation and the fourth cluster is inverted.
Just as in the case of Be5Au and MgCu2, the Li21Si5 super-

structure has enhanced pseudo tenfold diffraction symmetry
along h110i compared to the Cu5Zn8 parent structure. The
two diffraction patterns are contrasted in Figure 8. As can

be seen, the pseudo tenfold diffraction of the Li21Si5 struc-
ture is quite marked. With its larger direct lattice cell and
consequent smaller reciprocal lattice cell, the parsing of the
10 concentric diffraction peaks is distinctly superior to what
was found for Be5Au.

The 2=1 quasicrystal approximant : In an approach similar to
that taken for the Be5Au structure, we wish to show the con-
nection between the Li21Si5 structure and the E8 lattice. Its
more complicated structure will require a few refinements
to the overall procedure. In Be5Au, all the atoms reside at
positions of high symmetry, none of which contain any free
atomic parameters. By contrast, in Li21Si5, there are 4 crys-
tallographically inequivalent heavy atom sites and 12 inequi-

Figure 7. The four crystallographically inequivalent g-brass clusters in the
cubic unit cell of Li21Si5. The four Si (blue) sites are ZOT, QOT, HOH,
and TOH, whereas the remaining twelve sites are Li (red). The H cluster
is shown in a) the same orientation as the others, and in b) an inverted
orientation. The latter picture is more indicative of experimental atomic
positions.

Figure 8. The strongest peaks in the [110] X-ray diffraction patterns[49] of
the a) Cu5Zn8 and b) Li21Si5 structures. The site preferences in Li21Si5 give
it a pseudo tenfold diffraction symmetry that is absent in Cu5Zn8.
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valent light atom sites with a combined 20 atomic parame-
ters.
Our goal will be to project the E8 lattice points near the

experimentally observed atomic sites in Li21Si5. As we shall
see, we will find a projection which locates all 4 inequivalent
heavy atom sites and 10 of the 12 inequivalent light atom
sites. Moreover, this optimal structure will have three clus-
ters with one orientation, and the H cluster correctly invert-
ed.
For Li21Si5, we apply a 3P8 projection matrix where t=

2=1=2:

Similarly to the previous case, the three transposed rows of
this matrix form the three 8D vectors:

which project onto the three orthogonal 3D cell axis vec-
tors:

Just as in the previous case, the E8 lattice is subject to an 8D
translation by the vector x. In order to retain the Td symme-
try of the projection, x must again be of the form (x1, 0, 0, 0,
x2, x2, x2, x2), with the two free parameters x1 and x2. In
Figure 9, we plot the agreement between the projected
structure and the experimental Li21Si5 structure as a function
of these two parameters. Noting the 18.710 R a-axis length
of the experimental structure, we assume that projected
atoms which lie within 1 R of the actual atomic position are
reasonably near the atomic position. As we shall see, most
of the projected sites will lie significantly closer than the as-

sumed 1 R cut-off (with an average of 0.55 R over the 16
distinct sites in experimental Li21Si5).
As Figure 9 shows, when x1=0.81 and x2=0.07, all 80 Si

atoms and 240 of the 336 Li atoms can be located. This cor-
responds to the correct determination of all 4 Si and 10 of
the 12 Li crystallographically inequivalent sites. In Table 1,
all experimentally observed atomic sites are compared to
their projected counterparts. Also given in this table are the
projected distances of each of these sites for the optimal
values of x1 and x2. A full account of this theoretical model
is given in Table 1 of the Supporting Information, which
shows not only the sites that are found experimentally, but
all sites in our theoretical projection.
Two features of the projected E8 model are noteworthy.

First, the projected model correctly finds that half the OT
and half the OH sites are occupied by Si atoms. The order-
ing of the four clusters is the experimental one, with ZOT,
QOT, HOH, and TOH being the four Si sites. Equally note-
worthy is the success in generating the H cluster. All four
crystallographically inequivalent H sites are contained in the
optimal projected E8 model (though one lies slightly beyond
the 1 R cut-off). These four sites belong to a cluster which is
inverted with respect to the other three clusters. As we dis-
cussed above, this inversion is found experimentally.
Although all the Si atoms are correctly determined, only

71% of the experimental Li atoms are correctly found. As
Table 1 shows, one of the missing sites (HCO) lies just
beyond the established 1 R cut-off (at 1.18 R), whereas the
other (QCO) lies just beyond the projected distance cutt-

Figure 9. Correspondence between 2=1 projected structures and the exper-
imental Li21Si5 structure as a function of x1 and x2, for a region containing
all unique projected structures. The plots show a) the number of project-
ed Si atoms within 1 R of experimental Si atoms, and b) the number of
projected Li atoms within 1 R of experimental Li atoms. The black dots
indicate the optimal projection (x1=0.81, x2=0.07), for which 100% of
the Si atoms and 71% of the Li atoms are correctly placed.
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off, beyond which atoms do not project (1.03 vs. 1.02). A
more complete understanding of the projected model of
Li21Si5 can be obtained from Table 1 of the Supporting Infor-
mation. As this complete list of projected sites shows, there
is a clear trend of shorter projected distances where atoms
are found experimentally, and longer projected distances
where atoms are not found. Of the 22 sites that are predict-
ed theoretically by our optimal model of Li21Si5, 15 are ana-
logs of sites that are found experimentally. Of the 34 sites
that lie beyond this optimal projection, and are thus not pre-
dicted theoretically, 33 are not the analogs of experimental
sites.
When looking at the discrepancies between the theoreti-

cal and experimental structures, it seems reasonable to
assume that ordinary chemical constraints—atomic size,
electronic structure, electronegativity, valence electron
count, and quantum mechanics in general—should play a
role in the structural energetics, and would thus modify the
established “rules” for projection. We attribute the differen-
ces between the theoretical and experimental structures to
such factors.

Sm11Cd45, Mg44Ir7, Ti2Ni, and a-Mn : We turn now to the
Sm11Cd45 and Mg44Ir7 structures. Both structures have excel-
lent pseudo tenfold diffraction symmetry along h110i, as
shown in Figure 10. Both structures are ordered F-centered
cubic structures with more than 400 atoms in their unit cells.
Similarly to Li21Si5, their structures consist of four crystallo-
graphically inequivalent clusters centered at the Z, Q, H,
and T positions. In Sm11Cd45, two clusters are based on the
a-Mn structure, and two on bcc. In Mg44Ir7, clusters are de-
rived from Ti2Ni, g-brass, and a-Mn.[55] We first turn to the
new cluster types found in this pair of structures.
Three new cluster types need to be delineated: the a-Mn,

Ti2Ni, and bcc clusters. In Figure 11, we illustrate these
three new cluster types. Site names used in describing g-
brass can also be used for the Ti2Ni cluster (Figure 11a). For
a-Mn and bcc (Figure 11b,c), however, in addition to the

previously discussed site types,
two new sites are also found:
the cluster center (CC) and the
truncated tetrahedron (TT). In
Figure 12, we illustrate the crys-
tallographically inequivalent
clusters of Sm11Cd45 and Mg44Ir7
using the nomenclature derived
in Figure 7.
The heavy atoms of these

two structures occupy a mish-
mash of site types. The Sm sites
in Sm11Cd45 are ZCC, ZCO,
QCC, HOT, and TOT, whereas
the Ir sites in Mg44Ir7 are ZOT,
QOT, and TOH. In all, four dif-
ferent site types—CC, OT, OH
and CO—are occupied by heav-
ier atoms.

Table 1. The calculated atomic sites (in fractional coordinates of the cubic unit cell) in the 2=1 projection cen-
tered at (0.81,0,0,0,0.07,0.07,0.07,0.07), which match the experimental sites in Li21Si5.

Theoretical Theor Proj Experimental Exptl Exptl site Exptl/proj
coordinates element distance coordinates element name separation [R]

(0.95,0.75,0.75) Si 0.51 (0.9280,0.7500,0.7500) Si TOH 0.41
(0.35,0.35,0.35) Si 0.52 (0.3325,0.3325,0.3325) Si QOT 0.57
(0.70,0.50,0.50) Si 0.60 (0.6809,0.5000,0.5000) Si HOH 0.36
(0.10,0.10,0.10) Si 0.61 (0.0905,0.0905,0.0905) Si ZOT 0.31
(0.20,0.00,0.00) Li 0.80 (0.1770,0.0000,0.0000) Li ZOH 0.43
(0.55,0.55,0.55) Li 0.81 (0.5620,0.5620,0.5620) Li HIT 0.39
(0.95,0.95,0.95) Li 0.81 (0.9460,0.9460,0.9460) Li ZIT 0.13
(0.15,0.15,0.95) Li 0.82 (0.1580,0.1580,0.9880) Li ZCO 0.74
(0.70,0.70,0.70) Li 0.88 (0.6910,0.6910,0.6910) Li TIT 0.29
(0.90,0.90,0.70) Li 0.88 (0.9030,0.9030,0.7290) Li TCO 0.55
(0.45,0.25,0.25) Li 0.99 (0.4240,0.2500,0.2500) Li QOH 0.49
(0.85,0.85,0.85) Li 0.99 (0.8330,0.8330,0.8330) Li TOT 0.55
(0.40,0.40,0.40) Li 1.02 (0.4210,0.4210,0.4210) Li HOT 0.68
(0.20,0.20,0.20) Li 1.02 (0.1790,0.1790,0.1790) Li QIT 0.68
(0.65,0.65,0.55) 1=2 Li 1.02 (0.6620,0.6620,0.4890) Li HCO 1.18
(0.40,0.40,0.20) – 1.03 (0.4140,0.4140,0.2500) Li QCO 1.01

Figure 10. The strongest peaks in the [110] X-ray diffraction patterns[49]

of the a) Sm11Cd45 and b) Mg44Ir7 structures. Similarly to the structures
we have already generated by projection, these two exhibit a pseudo ten-
fold diffraction symmetry.

Figure 11. The a) Ti2Ni, b) a-Mn, and c) body-centered cubic atomic clus-
ters, connected as polyhedra according to their crystallographically ineq-
uivalent sites. In all, the clusters include six types of sites, which we ab-
breviate using two-letter names: CC (yellow), IT (red), OT (blue), OH
(orange), TT (green), and CO (purple).
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We turn now to t= 2=1=2 models of the two structures.
With the same approach as was previously used for Li21Si5,
we plot the agreement between calculated and experimen-
tally observed atomic sites for both the heavy and light
atoms in Sm11Cd45 and Mg44Ir7 (Figure 13). For the former
system and the values x1=0.36 and x2=0.11, all 88 Sm
atoms (all 5 crystallographically inequivalent Sm sites) and
224 of the 360 Cd atoms (9 of
13 Cd sites) are correctly locat-
ed. For Mg44Ir7, optimal agree-
ment occurs when x1=0.61 and
x2=0.06, when all 56 Ir atoms
(all 3 crystallographically ineq-
uivalent Ir sites) and 232 of 352
Mg atoms (9 of 11 Mg sites) are
successfully found. Tables 2 and
3 compare the projected and
experimental atomic sites in
Sm11Cd45 and Mg44Ir7, respec-
tively.
The accuracy of these models

is comparable to what was
found for Li21Si5. All heavy
atoms and 60–70% of light
atoms are correctly located in
the best projections for each
structure. It is noteworthy that
the projected E8 models cor-

rectly account for the unusual mixture of CC, OT, OH, and
CO sites occupied by the heavier elements.
Complete lists of the all the sites generated by our opti-

mal Sm11Cd45 and Mg44Ir7 projections are given in Table 2
and Table 3 of the Supporting Information. As in the case of

Figure 12. The four crystallographically inequivalent atomic clusters in
the cubic unit cells of a) Sm11Cd45 and b) Mg44Ir7. In both cases, the heav-
ier element is shown in blue, and the lighter element in red. The five Sm
sites in Sm11Cd45 are ZCC, ZCO, QCC, HOT, and TOT, and the three Ir
sites in Mg44Ir7 are ZOT, QOT, and TOH.

Figure 13. Correspondence between 2=1 projected structures and the ex-
perimental a) Sm11Cd45 and b) Mg44Ir7 structures as functions of x1 and x2.
In both panels, the plots show the number of projected heavy atoms
within 1 R of experimental heavy atoms (left), and the number of pro-
jected light atoms within 1 R of experimental light atoms (right). The
black dots indicate the optimal projection for each structure. For
Sm11Cd45, the optimal point (x1=0.36, x2=0.11) correctly places 100% of
the Sm atoms and 62% of the Cd atoms. For Mg44Ir7, the optimal point
(x1=0.61, x2=0.06) correctly places 100% of the Ir atoms and 66% of
the Mg atoms.

Table 2. The calculated atomic sites (in fractional coordinates of the cubic unit cell) in the 2=1 projection cen-
tered at (0.36,0,0,0,0.11,0.11,0.11,0.11), which match the experimental sites in Sm11Cd45.

Theoretical Theor Proj Experimental Exptl Exptl site Exptl/proj
coordinates element distance coordinates element name separation [R]

(0.00,0.00,0.00) Sm 0.42 (0.0000,0.0000,0.0000) Sm ZCC 0.00
(0.25,0.25,0.25) Sm 0.46 (0.2500,0.2500,0.2500) Sm QCC 0.00
(0.40,0.40,0.40) Sm 0.47 (0.4059,0.4059,0.4059) Sm HOT 0.22
(0.65,0.65,0.65) Sm 0.50 (0.6618,0.6618,0.6618) Sm TOT 0.44
(0.20,0.20,0.00) Sm 0.76 (0.1735,0.1735,0.0142) Sm ZCO 0.87
(0.45,0.45,0.25) Cd 0.78 (0.4377,0.4377,0.2627) Cd QCO 0.47
(0.90,0.90,0.80) Cd 0.79 (0.9161,0.9161,0.7637) Cd TCO 0.93
(0.75,0.75,0.75) Cd 0.80 (0.7500,0.7500,0.7500) Cd TCC 0.00
(0.20,0.00,0.00) Cd 0.81 (0.1573,0.0000,0.0000) Cd ZOH 0.93
(0.15,0.15,0.15) Cd 0.83 (0.1636,0.1636,0.1636) Cd QOT 0.51
(0.50,0.50,0.50) Cd 0.86 (0.5000,0.5000,0.5000) Cd HCC 0.00
(0.90,0.90,0.90) Cd 0.88 (0.9126,0.9126,0.9126) Cd ZOT 0.47
(0.85,0.85,0.85) Cd 0.98 (0.8297,0.8297,0.8297) Cd TIT 0.76
(0.30,0.30,0.40) Cd 1.01 (0.2958,0.2958,0.3904) Cd QTT 0.24
(0.55,0.55,0.65) – 1.02 (0.5455,0.5455,0.6403) Cd HTT 0.25
(0.05,0.05,0.05) – 1.04 (0.0834,0.0834,0.0834) Cd ZIT 1.26
(0.95,0.75,0.75) – 1.06 (0.9105,0.7500,0.7500) Cd TOH 0.86
(0.70,0.70,0.50) – 1.07 (0.6728,0.6728,0.5128) Cd HCO 0.88
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Li21Si5, these lists show a clear trend of shorter projected
distances where atoms are found experimentally, and longer
projected distances where atoms are not found. In the opti-
mal theoretical models of both Sm11Cd45 and Mg44Ir7, 37
sites lie beyond the projections and are thus not predicted
theoretically. Comparing these two theoretical models to ex-
periment, respectively 33 and 35 of those theoretically
empty sites are correctly not the analogs of experimental
atomic sites.

The possibility of a new quasicrystal : We have invoked
many non-closest-packed cubic structures in this paper:
MgCu2, Be5Au, Cu5Zn8 (g-brass), Li21Si5, Ti2Ni, a-Mn,
Sm11Cd45, and Mg44Ir7. All of these structures are connected
to 3D cell-projections of the E8 lattice. If such quasicrystal
approximants are so readily found, one might suppose that
an actual cell-projected quasicrystal could also be eventually
discovered. To aid in its potential search, let us detail what
we may infer about such a quasicrystal.
By extension of the mathematics we considered above,

such a quasicrystal will be based on the 3P8 matrix:

For all rational values of t, including those already consid-
ered, one finds quasicrystal approximants. Only if t is an ir-
rational number does projection lead to a non-crystal. The
most interesting irrational value of t is t. Here, each capping
tetrahedron consisting of an OT atom and its three neigh-
boring IT atoms is perfectly regular in shape. As the struc-
tures discussed above are all variants of tetrahedral packing,
domains of such perfectly regular tetrahedra may be quite
desirable.

The quasicrystal approxim-
ants discussed in this paper
have elements vastly different
in size. Let us assume that any
potential quasicrystal will also
contain at least two such dis-
similar elements. In this paper,
we have fared better in correct-
ly locating the heavier of the el-
ements. For the three t= 2=1=2
models discussed above, the
heavier atoms were all correctly
located, and had projected dis-
tances no longer than 0.61, 0.76,
and 0.61 units of the E8 lattice.
Let us suppose that in an even-
tual quasicrystal, heavy atoms
will be the E8 vertices with pro-

jected distances shorter than 0.70.
What does such a structure look like? First, for a true

quasicrystal, we no longer need consider the translation
vector x. The quasicrystal remains unchanged for different
values of this vector. We therefore need only consider a
single structure. Different approaches have been chosen in
the literature for the graphical representation of quasicrys-
tals. In this paper, we choose a highly local view. In
Figure 14, we provide local views of the quasicrystal around
three particularly pseudo-symmetric positions. These views
are directly compared with the heavy atom positions found
in the various t= 2=1=2 quasicrystal approximants. Fig-
ure 14a shows one region of heavy atoms in this quasicrys-

Table 3. The calculated atomic sites (in fractional coordinates of the cubic unit cell) in the 2=1 projection cen-
tered at (0.61,0,0,0,0.06,0.06,0.06,0.06), which match the experimental sites in Mg44Ir7.

Theoretical Theor Proj Experimental Exptl Exptl site Exptl/proj
coordinates element distance coordinates element name separation [R]

(0.35,0.35,0.35) Ir 0.42 (0.3482,0.3482,0.3482) Ir QOT 0.06
(0.10,0.10,0.10) Ir 0.55 (0.0839,0.0839,0.0839) Ir ZOT 0.56
(0.95,0.75,0.75) Ir 0.61 (0.9133,0.7500,0.7500) Ir TOH 0.74
(0.15,0.15,0.95) Mg 0.76 (0.1561,0.1561,0.9797) Mg ZCO 0.62
(0.90,0.90,0.70) Mg 0.84 (0.9015,0.9015,0.7194) Mg TCO 0.39
(0.20,0.00,0.00) Mg 0.86 (0.1814,0.0000,0.0000) Mg ZOH 0.37
(0.55,0.55,0.55) Mg 0.88 (0.5623,0.5623,0.5623) Mg HOT 0.43
(0.95,0.95,0.95) Mg 0.88 (0.9482,0.9482,0.9482) Mg ZIT 0.06
(0.70,0.70,0.70) Mg 0.95 (0.6973,0.6973,0.6973) Mg TIT 0.09
(0.70,0.70,0.50) Mg 0.96 (0.6928,0.6928,0.4799) Mg HCO 0.45
(0.85,0.85,0.85) Mg 0.97 (0.8338,0.8338,0.8338) Mg TOT 0.56
(0.40,0.40,0.20) 1=12 Mg 0.97 (0.3933,0.3933,0.2147) Mg QCO 0.35
(0.55,0.55,0.35) – 0.99 (0.5517,0.5517,0.3385) Mg HTT 0.24
(0.35,0.25,0.25) – 1.09 (0.3561,0.2500,0.2500) Mg QOH 0.12

Figure 14. Correspondence between heavy atom positions in the pro-
posed quasicrystal and its experimental approximants. a) Some regions in
the quasicrystal resemble the pattern of heavy atoms in Li21Si5 (and
Mg44Ir7), whereas b) others resemble the pattern of heavy atoms in
Sm11Cd45. c) Still other regions in the proposed quasicrystal bear no such
resemblance.
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talline projection. As shown, these sites match closely with
those of the 26 Si atoms closest to (1=4,

1=4,
1=4) in Li21Si5,

which represent all four symmetry-inequivalent Si sites in
the structure. Not shown but equally true, a subset of these
projected heavy atoms in Figure 14a also match the 14 Ir
atoms closest to (1=4,

1=4,
1=4) in Mg44Ir7, which represent all

three symmetry-inequivalent Ir sites. The configuration of
heavy atoms in Sm11Cd45, which is quite different from that
of Li21Si5 and Mg44Ir7, appears in another region of the pro-
posed quasicrystal. This region of projected heavy atoms
(Figure 14b) matches closely with the 33 Sm atoms closest
to (1=4,

1=4,
1=4) in Sm11Cd45, which represent all five symme-

try-inequivalent Sm sites. In still other regions of the pro-
posed quasicrystal (of which Figure 14c is a representative
example), the heavy atoms bear no obvious resemblance to
the heavy atoms in Li21Si5, Mg44Ir7, or Sm11Cd45.
As Figure 14 shows, the quasicrystal can be thought of as

containing domains which resemble all the quasicrystal ap-
proximants. At some locations, the heavy-atom structure re-
sembles most that of Sm11Cd45, wheras in other places it is
most like Li21Si5 and Mg44Ir7. Perhaps experimental quasi-
crystals will be found as intergrowths of two or more known
quasicrystal approximant phases.
One more feature of this potential quasicrystal should be

noted. In known quasicrystals, the quasicrystal belongs to a
3D point group that is inaccessible in 3D space groups (e.g.
Ih). By contrast, for t=t, the resulting quasicrystal remains
in 3D Td symmetry. It is only in the improvement of its
pseudo-symmetries that there is any additional symmetry in
the cell-projected E8 quasicrystal.

Conclusion

In the introduction to this paper, we catalogued all the met-
allic cubic structures which are not directly related to fcc,
hcp, or bcc. In this paper, we have related roughly half of
these structures to projections of the E8 lattice. Of the re-
maining structures, some of them (e.g. Cr3Si and YCd6) are
already known approximants related to 3D quasicrystals of
Ih symmetry.

[13,14] Taken together, it appears the majority of
the common non-closest-packed cubic structures are con-
nected to quasicrystal approximants.
The limitation to cubic structures may be an arbitrary

one. It seems plausible that the E8 lattice is related to tetra-
hedral packing in general, and not just to tetrahedral pack-
ing in cubic unit cells. Perhaps structures belonging to non-
cubic Bravais classes will also prove to be so connected. We
save such explorations for future work.
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